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ZEROS OF STIELTJES AND VAN VLECK POLYNOMIALS
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ABSTRACT. The study of the polynomial solutions of the generalized Lameé
differential equation gives rise to Stieltjes and Van Vleck polynomials.
Marden has, under quite general conditions, established varied genera-
lizations of the results proved earlier by Stieltjes, Van Vleck, Bocher, Klein,
and, Polya, concerning the location of the zeros of such polynomials. We
study the corresponding problem for yet another form of the generalized
Lame differential equation and generalize some recent results due to Zaheer
and to Alam. Furthermore, applications of our results to the standard form
of this differential equation immediately furnish the corresponding theorems
of Marden. Consequently, our main theorem of this paper may be
considered as the most general result obtained thus far in this direction.

1. Introduction. There exist [2] at most C(n + p — 2, p — 2) polynomials
V (z) such that for ®(z) = V (z) the generalized Lamé differential equation
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where ®(z) is a polynomial of degree at most (p — 2) and a;, a; are complex
constants, has a polynomial solution S (z) of degree n. Each polynomial V' (2)
and the corresponding polynomial S (z) are called [5, pp. 36-37] a Van Vieck
polynomial and a Stielties polynomial, respectively (Marden [6, p. 934] calls
V (z) the characteristic polynomial).

We shall investigate the location of the zeros of the system of polynomials
that arise in the study of the polynomial solutions of the differential equation
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where ®(z) is a polynomial of degree at most (n, + n, + - - - + n, — 2) and
a,, b, and a; are suitable complex constants. It is easy to note that the
differential equation (1.2) can be written in the form (1.1) and, further, that
(1.2) is of the form (1.1) in case n; = 1 for all ;.

The study of the zeros of the polynomials S(z) and V' (z) in relation to the
differential equation (1.1) has extensively been made by many mathe-
maticians (see Marden [6, pp. 935-936]) under suitable conditions on the
singularities a;, but only for positive real values of the constants ;. Marden
[6], for the first time gave the treatment of (1.1) subject to the condition
larg | < y < 7/2 and obtained varied generalizations of the results (see
[6, Theorems 1(a) — 2(a)]) established earlier by Stieltjes [8], Van Vleck [10],
Bocher [1], Klein [3] and Pélya [7]. In this paper we intend to study the zeros
of the polynomials S (z) and ¥V (z) in relation to the differential equation (1.2).
The results that we obtain are valid for both the forms (1.1) and (1.2),
whereas the corresponding known results [6] apply only to the form (1.1) and
turn out as corollaries to our results. We shall, however, make strong use of
the concepts of covering functions as introduced by Marden [6].

In our attempt to generalize a result due to Marden [6, Theorem 4], we
have in a recent paper (co-authored with Zaheer [11]) obtained some results
for the first time in relation to the differential equation (1.2). The following
result [11, Corollary (2.5)] which is a special consequence of our much more
general theorem [11, Theorem (2.3)], plays an important role in the proof of
our main theorem in the next section.

THEOREM (1.1). If |arg aj| < v < 7/2 for every j = 1,2,...,p and if all
the points a, by, (occurring in the differential equation (1.2)) lie on or inside the
circle C: |z — c| = a, then the zeros of each Stieltjes polynomial and the zeros
of each Van Vieck polynomial, associated with the differential equation (1.2), lie
in the circular region

|z — ¢c|< asec[{(¢ — D7 + v}/ (29 — )],
where ¢ = max{n;, ny, . .., n,}.

As remarked in [11] Theorem 1.1 implies for ¢ = 1 a result of Marden
[6, Theorems 4 and 5, Theorem (9.1)] that if all g; of equation (1.1) lie in
|z = ¢|] < a, then all the zeros of the Stieltjes and Van Vleck polynomials lie
in |z — ¢| < a sec y (where it is assumed that, for all j, |arg a)| < v < 7/2).
We note however that if we take a case of equation (1.2) with ¢ > 1 and bring
it to the form (1.1) then, in general, Theorem 1.1 (about equation (1.2)) and
Marden’s result (about equation (1.1)) are independent. To see this consider
the equation

z—! wi(z) +

w'(z) + a
@) 22 -1 22 -1

w =0, (12)
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(where the constant k = k(n) is so chosen that (1.2") has a polynomial
solution S(z) of degree n). Herep = 1,n; =2, b=i,a;,=1,a,= — 1,s0all
the a’s and b’s lie in |z| < 1 and if we assume that |arg a| < y < 7 /2, then it
follows from Theorem 1.1 (as ¢ = n; = 2) that all the zeros of S(z) lie in
|z| < sec[(w + ¥)/3]. On the other hand, we may bring (1.2") into the form

” “
w(z)+[z_l +z+l] @) +
where now 2a, = a(l — i), 2a, = a(1 + i) and hence larg o) < ¥ + (7/4),
J =1,2. So if we assume that y < m/4, then it follows from Marden’s result
that all the zeros of S(z) lie in |z| < sec[y + (7 /4)]. Now if 0 < y < #/8,
then y + (7/4) < (7 + v)/3, so Marden’s result is for these y better than
Theorem 1.1, while for 7/8 < y < /4 Theorem 1.1 yields the smaller disk,
and finally for 7 /4 < y < 7 /2 only Theorem 1.1 can be applied.
The following results [11, Lemmas (2.1) and (2.2)] express the zeros of
Stieltjes and Van Vleck polynomials as roots of certain equations.

1 w=0, (1Y)

PROPOSITION (1.2). Every zero z, of an nth degree Stieltjes polynomial S (z)
in relation to (1.2) is either one of the points a;;, (1 < j <s;1<s<n)or
satisfies the equation

{[30(Wemn/ o)

> L0 3

Jj=1 =1 s=1 JEkj=1 %k J

with the convention that [I3-)'(z — b,) = 1 when n; = 1.

PROPOSITION (1.3). Every zero t, of a Van Vleck polynomial V (2) in relation
to (1.2), if not an ay,, is either one of the zeros of S’(z) or satisfies the equation

[2[ T (- 5/ I:Il(rk—a,-,)]]f'

1
> =0, (14)
Jj=1 t=1 b — zJ
where S(z) is an nth degree Stieltjes polynomial corresponding to V (z) and the
z; are the zeros of S'(2).

For g = 1, equations (1.3) and (1.4) reduce, respectively, to equations (S)
and (F) as given in Marden [6, p. 935].

In respect to the differential equation (1.1), Marden obtained quite a
general result [6, Theorem 5] for arbitrary convex regions by introducing the
concept of covering functions [6, §3]. By the covering function of an arbitrary
convex region K we mean a function k(\) such that the inequality

|z =A< k(A) (1.5)
holds for all values of A by and only by the points z of K. We know that one
covering function k() of a given convex region K may always be chosen as
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the maximum value of |z — A| for points z in K. We also know [6] that every
covering function of a convex region is always nonnegative and that if k() is
any real nonnegative function, the totality of points z which (for all values of
A) satisfy the inequality (1.5), form a convex region K with k() as a covering
function.

2. Main results. In this section, we shall obtain results concerning the zeros
of Stieltjes and Van Vleck polynomials in respect to the differential equation
(1.2) and for arbitrary convex regions. Our main theorem in this paper is the
most general result known thus far in this direction and deduces as corollaries
the previously known results due to Zaheer 12, Theorems (2.1) and (2.2)],
Zaheer and Alam [11, Corollary (2.5)], concerning the differential equation
(1.2), and also the results due to Marden [6, Theorems 1(a)-6(b)] concerning
the differential equation (1.1). Our main result is the following.

THEOREM (2.1). If |arg oj| < y < 7/2 and if all the points a, b, (occurring
in the differential equation (1.2)) lie in a convex region K with k(\) as covering
function, then the zeros of each Stieltjes polynomial and the zeros of each Van
Vleck polynomial, associated with the differential equation (1.2), lie in the
convex region K’ which contains K and which has as covering function

K'(A) = k() sec[{(¢ — D7 + v}/ (29 - 1)],
where ¢ = max{n, ny, ..., n,}.

PRrOOF. Since all the points @, b, (1 < s < n, 1 <t <m—-1,1<j<p)
lie in the convex region K with k(M) as covering function, we see that for each
value of A the points g, b, would, therefore lie in the circular region
|z — Al < k(\). From Theorem (1.1), we now infer that the zeros of each
Stieltjes polynomial S(z) and the zeros of each Van Vleck polynomial ¥(z) lie

in the circular region
|z — A|< k(D) sec[{(q - D7 + y}/(2q - 1)]

for each value of A. This means that the zeros under consideration lie in a
convex region K’ which has

KN = k) sec[ {(g — D7 + v}/ (g = 1]

as a covering function.

Further, we know [6] that if a convex region K has k(\) as a covering
function and another convex region K’ has k’(\) as a covering function such
that K’(\) > k(}), then k' D K. Now, since 0 < y < 7/2, we easily see that

0<{(g-Dr+7v)/Qq—1)<n/2

and, hence, that k’(A) > k(7). This implies that K’ encloses K and our proof
is complete.
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As an immediate consequence of Theorem (2.1), we obtain the following
result due to Marden [6, Theorem 5].

COROLLARY (2.2). If all the points a; in relation to differential equation (1.1)
lie in a convex region K with K (M) as covering function, then the zeros of each
Stieltjes polynomial and the zeros of each Van Vleck polynomial, associated with
differential equation (1.1), lie in a convex region K’ which contains K and which
has as covering function k'(\) = k(\) sec y.

PRrOOF. In Theorem (2.1), if we take all n’s to be 1 (i.e., ¢ = 1), differential
equation (1.2) reduces to differential equation (1.1), with the constants g;
corresponding to the constants a;;, and Corollary (2.2) is fairly obvious.

Making use of the covering function for circles, as employed by Marden
[6, p. 938], Theorem (1.1) may easily be deduced from Theorem (2.1), and,
hence, Theorem (2.1) may be regarded as an extension of Theorem (1.1).

COROLLARY (2.3). If |arg o;| < vy < 7/2 and if all the points a;,, b;, (cf. (1.2))
lie in or on a given ellipse E with major axis 2a, the zeros of each Stieltjes
polynomial and the zeros of each Van Vleck polynomial (associated with (1.2))
lie in or on the confocal ellipse E’ with major axis

2a sec[{(q - D7+ v}/ (2q - 1)],
where ¢ = max{n;, ny, ..., n,}.

Proor. First, we give the proof for the special case when the ellipse E has
its centre, vertices, and foci at the points (0, 0), (+aq,0), and (*c, 0),
respectively. Then (cf. [6, p. 939]) one covering function of E is given by

k) = {a(l + e pp)2 ff Re(A) =0, @1
00 if Re(A) # 0.

(The equation corresponding to (2.1), as stated in Marden [6], has an obvious
misprint and A should be replaced in his equation by |A|.) Now the covering
function of the convex region K’ of Theorem (2.1) with K = E is given by

K0 = {a(l + ¢ PP sec[{(g = m + v}/ (g = 1)] if Re(d) = 0,

o0 if Re(A) # 0.
From Theorem (2.1) we, therefore, infer that K’ is precisely the ellipse E’ and
our corollary follows in the case under consideration. The general case,
however, follows from similar arguments as in Marden (cf. the discussion
preceding Theorem 6a [6, p. 939], with equations (S) and (F) replaced in his
arguments by equations (1.3) and (1.4), respectively).
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In Corollary (2.3) if we take all n’s to be 1 (i.e., ¢ = 1), it is precisely a
result due to Marden [6, Theorem 6a}.

Since a line segment with ¢,, ¢, as end points is a limiting case of an ellipse
(i.e. it is the intersection of all confocal ellipses having common foci at ¢, and
¢,), we obtain from Corollary (2.3) the following result due to Zaheer
[12, Theorems (2.1) and (2.2)] in relation to differential equation (1.2).

COROLLARY (2.4). If |arg o;| < v < /2 and if all the points a;, b, (cf. (1.2))
lie on the line segment joining the points ¢, and c,, then the zeros of each
Stieltjes polynomial and the zeros of each Van Vleck polynomial (associated
with (1.2)) lie in the region K given by

K={z:]z = ¢)|+|z = &) <|e; — ¢y sec[{(¢ — D7 + v}/ (29 — l)]},
where g = max{n,, ny, ..., n,}.

We note that the above corollary for ¢ = 1 is essentially a result due to
Marden [6, Theorem 6b).

3. Final remarks. As we have seen in previous sections, various mathema-
ticians had obtained different results for special convex regions from time to
time, in relation to differential equation (1.1), till Marden gave his general
theorem for arbitrary convex regions [6, Theorem 5]. Also, in relation to
differential equation (1.2), some results for special convex regions such as for
circles [11, Corollary (2.5)], and for line segments [12, Theorems (2.1) and
(2.2)] have already been obtained, but our Theorem (2.1) now gives the
general result.

We also note that the part of our Theorem (2.1) that concerns Stieltjes
polynomials may be regarded as a generalization of Lucas’ theorem
[S, Theorems (6, 1), (6, 1), (6, 2)] or [4] to systems of partial fraction sums.

Finally, we remark that our results are applicable to certain classical
orthogonal polynomials [9, pp. 29, 58-63, 74, 155]), e.g. Legendre, Jacobi,
Tchebichef, and ultraspherical polynomials of first or second kind which are
special cases of Stieltjes polynomials (whenp =2, n, =n,=1=q; a;, a; >
0; a;; = —a,; = 1 in equation (1.2)). Our Theorem (2.1) immediately implies
the well-known result [5, p. 41] [9, p. 44] that the zeros of such polynomials lie
in the interval [—1, 1], in view of the fact that one covering function of the
closed interval [— a, a] is given by

[A —a| if Re(A) =0,
kQA) = .
if Re(A) # 0.
The location of the zeros of more general forms (i.e. when a,, a, are complex

numbers, in general) of such polynomials is much more involved and
cumbersome to obtain via the existing methods available in the theory of

3.1)
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classical orthogonal polynomials. Our results, however, have an easy access to
the location of the zeros of the general forms of these polynomials. A typical
example to this effect is the following new result concerning the zeros of the
generalized Jacobi polynomials.

THEOREM (3.1). If Re(a) > —1, Re(B) > —1, and y = max{jarg(a + 1)),
larg( B + 1)|}, then the zeros of every nth degree generalized Jacobi polynomial
P*P(2) lie in the region K, 4 given by

K.p={z:|z = 1|+|z + 1|< 2sec v}.

Proor. The generalized Jacobi polynomials P(*f)(z) are polynomial
solutions of the differential equation

d*w dw
(22—1)-—d;{+[(a—,3)+(a+ﬁ+2)z]E

—-nn+a+B+1)-w=0,

which is a special case of differential equation (1.2) for g =1; p =2;
a,=-a, =1, ay=a+1, ay=B+1 (a, B being arbitrary complex
numbers). Consequently, the generalized Jacobi polynomials P{*#)(z) are the
Stieltjes polynomials. The hypotheses on «, B imply that Jarg a)| < y < 7/2
for j=1,2. In view of (3.1), our Theorem (2.1) or Marden’s result
[6, Theorem 5] says that all the zeros of P(*f)(z) lie in the region K’ whose
one covering function is given by

, A — 1| secy if Re(A) =0,
k@A) = .
00 if Re(A) # 0.

Or, equivalently,

n1/2 . _
KN = (1+AP) “secy if Re(d) =0,
® if Re(A) = 0.

This region K’ is thus seen to be an ellipse (cf. (2.1)) with center (0, 0),
vertices (+secy, 0) and foci (+ 1, 0). Therefore, K’ is precisely the region K, 4
as claimed in the theorem.
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